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1. Introduct ion  

In the early 1970's, the following question was asked by Philip Hall of J.C. Lennox 

(see [4]) and appeared later in [3] in the form: 

Must a non-trivial group, which is isomorphic to each of its non- 

trivial normal subgroups, be either free of infinite rank, simple or 

infinite cyclic? 

This was answered in the negative by Obraztsov in [6], where he used the tech- 

nique of graded diagrams developed by Ol'shanskii in [7]. 

In this note we provide a different construction of a non-trivial group which is 

isomorphic to each of its non-trivial normal subgroups. This construction makes 

special use of the notion of homogeneous and universal structures in model theory 

and well-known facts about HNN extensions and free products with amalgama- 

tion. In our view, the following construction yields a transparent proof of the 

existence of such groups and shows how basic ideas from model theory can be 

used to resolve questions in other areas of mathematics. While Obraztsov's proof 

is based on the deep theory of the geometry of defining relations in groups, our 

approach is accessible to a graduate student with basic knowledge of model theory 

and group theory. Our main result is the following: 

MAIN THEOREM: Let  ~ be an uncountable cardinal such that ~ = ~<~. Then 

there exists a group G of  eardinality ~ with a descending principal series 

G D G 1 D ' " D G n D " "  

such that  Nn<~ Gn -~ 1, Gn ~- G for each n < w, and any normal subgroup o f  G 

is equal to some G~. 

ACKNOWLEDGEMENT: The authors gratefully acknowledge the referee's sug- 

gestions to improve this paper, particularly in the proof of Theorem 3.2. 

2. H o m o g e n e o u s  and universal  structures  

In this section we consider a class of models A/[ and give a brief summary of its 

relevant properties. Notation and terminology observed here follow that in [1]. 

Let A4 be the collection of relational structures in the language L of groups 

with constant symbol 1 (whose value in any model will be the group identity), 

the axioms of groups and an additional sequence Pn (n E w) of unary predicates 

having the following properties: If A is a group and PnA  denotes P,~ applied to 
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A, then PnA is a normal subgroup of A (denoted P,~A ,a A) and Pn+IA C_ PnA. 

In terms of first order language, this is to say that: 

(1) 1 �9 PnA. 
(2) 

(3) 
(4) 

Thus 

If x, y c P,~A, t h e n  x y  -1  E P,~A. 

If x E P,~A and z C A, then z - l x z  E P~A. 

If x C P,~+IA, then x E P~A. 

the class 3,t of all such L-models is defined to be 

{(P~A)~<~: P,~A is a group ,PnA<PoA and P,~+IA C_ P~A (n < w)}. 

To simplify notation, we let PoA = A and abbreviate the sequence (PnA)n<~ of 

groups as (PnA). 

Let (P,~A), (P,~B) E M.  The relational structure (P~A) is said to be a sub -  

s t r u c t u r e  of (PnB) (equivalently, (PnB) is an e x t e n s i o n  of (P,~A)) if PnA -- 

PnBnPoA for all n < w. We denote this by (PnA) <_ (PnB). Let ~o: PoA ~ PoB 

be a map. We say that  ~o is a h o m o m o r p h i s m  of (PnA) into (PnB) if ~o is a 

group homomorphism and ~(PnA) = PnB M ~o(PoA) (n < w). A homomorphism 

qo is called an e m b e d d i n g  of (PnA) into (P,~B) if ~o is one-to-one. Hence if 

(PnA) <_ (P,~B), then the identity map id: (P,~A) --+ (P,~B) is an embedding. If  

~o is one-to-one and onto, then ~ is called an i s o m o r p h i s m  and (PnA) is said to 

be i s o m o r p h i c  to (PnB). This we denote by (PnA) ~ (PnB). We refer to the 

eardinality of PoA as the e a r d i n a l i t y  o f  (PnA). 

PROPOSITION 2.1: The following properties hold in ~r 

(I) Ad contains structures of arbitrarily large cardinality. 

(II) If  (P~A) E M and (PnA) ~ (P,~B), then (PnB) C M .  

(III) I f  (P,~A~), (P~A2) E 2M, there exist (PnC) E Ad and embeddings 

~oi: (PnAi) ~ (P,~C) (i = 1, 2). 

(IV) (Amalgamation Property) Let (P~A), (PnB1), (P,~B2) E M such that 

(PnA) (P, BO (i = 1,2) 

are embeddings. Then there is some (PnC) E .M and embeddings 

"/i: (PuBi) r (PnC) (i = l, 2) such that "/1 o 9)1 = "/2 o qo2. 

(V) The union of any chain of structures (PnA) E M is still in .A4. 
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(VI~) Let ~ be an uncountable cardinal. I f  (PnA) E A,~ and (PnC) <_ (PnA) 

such that (P~C) is of cardinality < ~, then there exists (P~B) ~ A/t of 

cardinality < ~ such that (P,~C) < (P~B) < (PnA). 

Proof: (II) This is clear by the definition of a homomorphism between elements 

of A/[. (V) is obvious. 

(I) Let a be an infinite cardinal. Take any group H of cardinality a and let 

P~A = H for all n. Then (P,~A) E A/[ with cardinality a. 

(III) Take, for instance, PnC = P~AI| (n < w) and the natural injections 

~i: PoAi --+ PoC (i = 1, 2). 

(IV) Consider the free product with amalgamation 

PoC = FoB1 *PoA P o B 2  

and the identity map idi: PoBi --+ PoC. Then idl 0 ~1 = id2 o ~P2, since 

~l(a)  = ~2(a) (a E PoA) when viewed as elements of PoC. Define PnC = 

(PnB1,PnB2) P~ the normal subgroup generated by <P~BI,PnB2) in PoC. 

Clearly (PnC) c A4. It suffices to verify that PnC N PoBi = PnBi (n < w). 

Let 

G* = PoB1/PnB1 *PoA/PnA PoB2/PnB2 

be a free product with amalgamation and 

~-~i: PoA/PnA ~ P o B j P n B i  (i = 1, 2) 

be the homomorphisms defined by ~v-~i(aPnA) = ~vi(a)P,~Bi. Consider the 

canonical epimorphisms 

7rni: PoBi ~ PoBi/PnBi (n < w,i = 1, 2). 

Then the map 

7rnl tA 7rn2:PoB1 U PoB2 --4 G* 

extends to a homomorphism ~r: PoC --+ G* such that 7r [PoB~= 7rni. If x E 

PoBi \ PnBi, then 7rni(x) # 1 and so 7r(x) # 1. If x C P~B1 tA P,~B2, then 

7r(x) = 1. Thus kerTr = (PnB1, PnB2) P~ = PnC and so P,~C N PoBi = P,~Bi 

(i = 1, 2). Thus (PnB~) < (PnC). 

(VI,~) Note that (P,~C) is itself in .M, hence take (PnB) = (PnC). | 

The preceding properties (I) (VI)~ and the countability of the language L 

show that .M is a ~-class, where n is an uncountable cardinal. Note that if M '~ 
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is defined to consist of all elements in M such tha t  the first n + 1 terms of the 

sequence are all equal (for a fixed n), then 3/[ n is still a to-class. 

A structure (PnA) E M is said to be (M,  n ) - h o m o g e n e o u s  if given any two 

(PnB1), (P,~B2) E M of cardinali ty < tc which are substructures of (PnA) and 

an isomorphism qa: (PnB1) --+ (P,~B2), then there is an isomorphism 7: (PnA) --+ 
(PnA) such tha t  7 F(P~B,) = ~. A structure (PnA) is said to be M - h o m o g e n e o u s  

if (PnA) is of cardinali ty ~ and (M,  g)-homogeneous.  (PnA) is said to be M -  

u n i v e r s a l ,  if (PnA) is of eardinality g and, given any (PnB) C M of cardinali ty 

< ~+, there is an embedding of (PnB) into (P~A). By J6nsson's  Theorem (see 

[1], p. 213 or [2]), if ~ is chosen such tha t  ~ = t~ <'~ (e.g., t~ is regular and either t~ 

is a limit be th  number  or the GCH holds), then M contains an M-homogeneous ,  

M-universa l  s t ructure of cardinali ty g which is unique tip to isomorphism. We 

denote this s tructure by (P~G). 

3. Normal  subgroups  of  PoG 

We state and verify here special properties of PoG and use them to obtain the 

required group. 

PROPOSITION 3.1: Let (PnG) be M-homogeneous, M-universal of cardinality 
~. Then P,~G ~ PoG (n < w). 

Proof: Let M = (P~G). Define 

M n -= (PnG, PnG,. . . ,  PnG, P,~+IG, Pn+2G,...), 

where the first n +  1 terms in the sequence are all equal to PnG and the succeeding 

terms agree with the corresponding terms in M,  i.e., if k > 1, the (n + k) th  term 

of M n is the (n + k) th  term of M.  Define 

M n - -  {(P,~A) C M :  the first n + 1 terms of (P~A) are equal}, 

which is a n-class containing M n. Since M is M-homogeneous ,  M-universa l  and 

M n _< M,  it follows that  M n is Mn-homogeneous  and M~-universal .  

Consider M -  = (P~G, Pn+IG,...). We show tha t  M -  is M-homogeneous  and 

M-universal .  For then, by J6nsson's  Theorem, M must  be isomorphic to M -  

and so we have shown tha t  PoG ~ PnG. 
Suppose X = (PnA) C M is of cardinali ty < a +. Define 

X ~ -- (PoA, PoA,. . . ,  PoA, PoA, P1A, P2A,...) 
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to be an element of A4 u, where the first n terms are all equal to PoA and the 

succeeding terms of the chain X ~ are PuA (n < w). Since M u is A/[U-universal, 

there exists an embedding ~a: X ~ ~-~ M u. Hence ~a Ix : X ~-+ M -  is also an 

embedding, and so M -  is M-universal .  

Let X = (PnA) and Y -- (PUB) he substructures of M -  and ~: (PnA) -+ 

(PUB) be an isomorphism. We show tha t  there exists an au tomorphism ~/of M -  

such tha t  ~/ Fx = ~a. As in the preceding paragraph,  define the elements X ~ and 

yo ,  which are substructures of M u. Then ~a: X ~ -+ yO is also an isomorphism. 

Since M u is MU-homogeneous,  there exists an au tomorphism p of M n such tha t  

p [xo = ~. It  is clear tha t  ~, = p IM- is the required au tomorphism of M -  which 

extends ~. Thus we have shown tha t  M -  is A/t-homogeneous. | 

THEOREM 3 .2 :  For all w E PuG \ Pu+IG,  (w) p~ = PuG. 

Proof'. By Proposi t ion 3.1, it is enough to prove tha t  for all w E PoG \ P1G, 

(w} P~ = PoG. If  g e P1G, then g = (gw-1)w and gw -1 E PoG \ P1G. Thus in 

order to prove tha t  (w) p~ = PoG, we need only show tha t  DoG \ P1G C_ (w) Poc. 

Suppose tha t  w, a C PoG \ P1G. Let H1 = (w, a) and N1 = H1 N PIG. Let 

//2 = H1 * (x) be the free product  and let N2 = N H2. Let b = w x w - l x  -1 and 

c = a x w - l x  -1. By considering the canonical homomorphism 

H2 -~ (H1/N1) * (x) 

we see tha t  

(i) N2 A H1 = N1, 

(ii) b u, c u ~ N2 for all n > 0. 

L e t / / 3  -- (//2, t[ tbt -1 -- c) and let N3 = N H3 �9 Let b, ~ be the elements of H2/N2 

corresponding to b, c. By considering the canonical homomorphism 

H3 -+ (H21N2, tl tbt -~ -- ~) 

we see tha t  N3 n / / 2  = N2. Note tha t  in H3 we have tha t  

t W x w - l x - l t  -1  ~ a x w - l x  -1  

and so a E (wl P~ | 

THEOREM 3.3: Let I = [~u<~ PnG. If  H is a normal subgroup of PoG such that 

H is not contained in I, then H -- PuG for some n < w. Thus every non-trivial 

normal subgroup of PoG/I  is equal to P k G / I  for some k < w. 
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Proof'. Let H be a normal  subgroup of PoG such tha t  H is not contained in I .  

Then there exists a least n such tha t  H ~ PuG. So H C_ P ~ - I G  and there exists 

x C H \ P~G. By Theorem 3.2, it follows that  H = P~-IG.  | 

Let F~ be the free group of infinite rank ~ and define PnA = F (n) to be the 

n th  derived group of F~. Then (PnA) E A.t with cardinali ty ~. Since (P ,G)  is 

M-universa l  of cardinali ty ~, the free generators of F~ correspond to n distinct 

elements of PoG. Since Nn<~ P , A  = l, PoG/ I  has cardinali ty ~. The proof  of 

the main theorem will now follow, when we take G = PoG/ I  and G ,  = P , G / I  

(0 < n < •). 
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